ALGEBRAIC GAUSS-MANIN SYSTEMS 
d^' AND BRIESKORN MODULES 
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Abstract. We study the algebraic Gauss-Manin system and the algebraic Brieskorn module 
associated to a polynomial mapping with isolated singularities. Since the algebraic Gauss- 
Manin system does not contain any information on the cohomology of singular fibers, we first 
construct a non quasi-coherent sheaf which gives the cohomology of every fiber. Then we 
rn ' study the algebraic Brieskorn module, and show that its position in the the algebraic Gauss- 

.^ , Manin system is determined by a natural map to quotients of local analytic Gauss-Manin 

systems, and its pole part by the vanishing cycles at infinity, comparing it with the Deligne 
extension. This implies for example a formula for the determinant of periods. In the two- 
Cu ' dimensional case we can describe the global structure of the algebraic Gauss-Manin system 

rather explicitly. 
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^ ' Introduction 






O . Let f : X -^ S he a morphism of smooth complex algebraic varieties. The Gauss-Manin 

systems Ql of / are defined to be the (cohomo logical) direct images of Ox as algebraic 
left P-Modules. They are regular holonomic P^-Modules, and correspond by the de Rham 
functor DR to the (perverse) higher direct images of the constant sheaf. In particular, they 
d ■ give the cohomology with compact support of each fiber, but not the cohomology of singular 

fibers unless / is proper, because the stalk of the higher direct image does not coincide 
with the cohomology of the fiber due to the vanishing cycles at infinity. Furthermore the 
r> I cohomologies of the fibers do not form a constructible sheaf in a natural way (see (2.6)), 

c^ ' and it is not easy to construct a quasi-coherent sheaf on S which is generically coherent, 

and contains the information on the cohomology of every fiber. 

Assume for simplicity X = A"^, S = A^ with n > 2. Then it is easy to show that 

DRs(^}) = (i?-+^-V,Cx)[l] 

in the category of perverse sheaves Perv(S', C) (see [3]). Let Qf = ^9, Gf = T{S, Qf), and 
L = W^-^fXx- Note that 

^} = for i ^ 1 - 71, 0, 
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2 ALEXANDRU DIMCA AND MORIHIKO SAITO 

if / has at most isolated singularities including at infinity [31] (or, more generally, if the 
support of the vanishing cycles including at infinity is discrete). See (1.3). 

For a variety Y of pure dimension m in general, we have the trace morphism Tr : 
H^rn(YX) -^ C, and Hl{YX) is defined as Ker(Tr : H^'^iYX) ^ C) for i = 2m, and 
HiiYX) otherwise. 

For c e C, let Xc = f~^{c). If / has at most isolated singularities including at infinity, 
then Hl(Xc, C) = for i ^ n — l,n, and we can easily show canonical isomorphisms 

Ker(t - c\Gf) = H^{Xc, C)*, Coker(t - c\Gf) = H^~\Xc, C)*, 

where * denotes the dual vector space. See (1.2-3). 

From now on, we assume that / has at most isolated singularities. Let O* = r(X, fix)- 
Then there exists a natural morphism O"^ -^ Gf, and its kernel is df A (iO"~^. So we have 
a C[t]-submodule 

Gf^ = O'^/rf/ A dO^-2 cG/, 

which is called the algebraic Brieskorn module of /. Let Q\ denote the quasi- coherent 
sheaf corresponding to Gr , and Q\ " the associated analytic sheaf. 

For X E X, let Qn ^ denote the local analytic Brieskorn lattice O^an ^/df A (iO^lf ^ 
(see [7]), and Qf^x the local analytic Gauss-Manin system [21] which is the localization of 
Qr^ by d^ . (They vanish unless x G Sing/.) Then for x E X^, we have the restriction 
morphism ^l^'^" -^ Gf^- We define 

^/,c = Ker(^}^- ^ gf}^). 

f{x)=c 

0.1. Theorem. /// has at most isolated singularities including at infinity, we have natural 
isomorphisms 

Ker(t - c|£/,,) = H^-\X,, C), Coker(t - c\Cf^,) = H^-\X,, C), 

and W{Xc, C) = for i ^ n - 2,n - 1. See (2.4). 

But the Cf^c do not form a quasi-coherent sheaf on 5"^", and Qr^,'^^ in the definition 

of £/,c cannot be replaced by Q^l or G\ . (Indeed, the image of the natural morphism 

G r ^^ Q -c l.is not a C[t]-module of rank (i^ in general, where Hx denote the Milnor number 
of / at X G Sing/.) From (0.1) we get 

0.2. Corollary. With the assumption of (0.1) we have 

dimKer(t - c\gJ^) = dim^"-2(Xc, C), 
dimCoker(t - c\Gf^) = dimH''-\Xc, C) + ^ fix- 
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See also (3.6) for the relation with other invariants. 

In the local analytic case, the Brieskorn lattice Qf L gives the Hodge numbers of the local 
analytic Milnor fiber [32] by [35] (see also [22], [27], [29], etc.), and contains the information 
on the analytic structure of (/, x) in the local moduli space (see for example [28]). However, 

concerning the global algebraic structure of /, the algebraic Brieskorn module G\ does 
not contain any more than the information on the local analytic structure of (/, x) at 
X G Sing / (although it gives the sums of the Hodge numbers of local Milnor fibers, see 
(3.5)), because GK ' is determined only by Gf together with the composition of natural 
morphisms QJ^^ — * Qf^^ -^ Qj-^^/Q\. j, for x G Sing/ due to the following : 

0.3. Theorem. 

Gf =Ker(G,- Gf,JGfl). 

a;eSing/ 

(This is a part of Theorem (0.5) below.) Note that Gf is determined by the constructible 
sheaf L {:= R'^~^f^Cx) by using the Riemann-Hilbert correspondence (see for example 
[4]), and the morphism ^^" — > Qf^^ for x G Xc is determined also topologically by using 
the restriction to the local Milnor fibration. It is relatively easy to describe ^^" at least 
locally, using the local classification of regular holonomic P-module of one variable [5] , [6] 
(see also [26, 1.3]). 

From (0.3) we also get 

0.4. Corollary. 

Cf,^ = Ker{g^^^ Qf,^). 

f{x)=c 

In particular, £/ c is actually a -D|"^-module (on which the action of dt is surjective). 
The corresponding constructible sheaf defined on a neighborhood S' of c is given by 
R'^~^ f*j\Cx\B\s' where B = U^eSing f -^a; with B^ a sufficiently small ball with center 
X, and j : X \B —^ X denotes the inclusion. 

In general, G ^ is not finitely generated over C[t]. As a corollary of Sabbah's results 

[23], GK ' is a finite C[t]-module if and only if / has a certain good property at infinity (i.e. 
if / is cohomologically tame in his sense). See (3.3). Let U he a, dense open subvariety of 
5" such that L\u is a local system (i.e. Gf\u is a locally free (9c/-Module of finite rank). 
Put A = S \U. Let Q-^'^ be the Deligne extension of Gf\u such that the eigenvalues of 
the residues of the connection are contained in (—1,0]. See [9]. (The shift of the index 
comes from the normalization of the exponents in [25].) Put G^^ = r(S', Qf^)- Then G^^ 
is always a free C[t]-module of finite type. We will see as a corollary of (0.5) below that 
GK ' is finite over C[t] if and only if it is contained in G^^ . Let 

Gf^>' = GfnGf. 

This is called the Brieskorn-Deligne lattice. It is a free C[t]-module of finite rank, and 
generates Gf over r(5', "Dg), because Qf has no nontrivial quotient with discrete support. 
See (1.3). For x G Sing/, we can define the Deligne extension ^^^ (which is contained in 
Gf,x) similarly. Then 
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0.5. Theorem. We have the following commutative diagram of exact sequences of C[t]- 
modules. See (3.2). 



G 



(0),>0 

/ 



(0) 



G 



e,,^p,(£;^,T) 



Gf 



G, 



®^^^P,{E,,T) 



©xeSing/^/,x/^, 



/^(O) 
f,x 



©xeSing/^/,2;/^/,x 



®xeSingfPf{x){E'^^T) 



-^ 



See (3.1) for Pc{E'^,T), etc., where c and t — c are denoted by s and tg respectively. Note 
that PciE'^.T) is isomorphic to E'^ Oc C[^]^ as a C[t]-module (where C[-^]-^ := 

C[t, ^z^]/C[t]), and is caUed the pole part of G . at c. So every vanishing cycle at infinity 

contributes to the pole part of GK , since E'^ is the space of vanishing cycles at infinity. For 
the proof of (0.5), it is not necessary to use the theory of the direct image of the filtration 
V of Kashiwara [18] and Malgrange [20] as in [23], [24], [27], because it is actually enough 
to use a much easier theory of the filtration V in the one variable case which is closely 
related to the Deligne extension [9] and also to Varchenko's theory [35], [36]. 

Theorem (0.5) describes the structure of GV by comparing it with the Deligne extension 

G-^^. The first row means that G K coincides with G^*^ up to torsion, because we have 
for X G SingXc 

J2 m/it-cpm 



C/^ 



(0) 



l<J<Ma; 



as C[t]-modules. Here kj are nonnegative integers such that < «_, — kj < 1 with ctj (1 < 
j < A*x) the exponents of the Brieskorn lattice. See [26]. Let fx]. be the dimension of 
the unipotent monodromy part of the vanishing cohomology of / at x (i.e. the number 
of the exponents which are integers.) Then from the first row of (0.5) together with the 
symmetry of the exponents, we get 



0.6. Corollary. 



dim6>»/e<«'>» 






1 



((n-1)^. 



^x) 



ALGEBRAIC GAUSS-MANIN SYSTEMS AND BRIESKORN MODULES 5 

In particular, G r = G'^^ if and only if n = 2 and every singular point of / on X 

is an ordinary double point (i.e., a node), because the minimal exponent has multiplicity 
one. 

Let G^f^^ = df A n^'-^/df A dO"-2(= df^Gf^) C Gf^ (similarly for Q\~^^^), and 
q{-i),>o ^ ^(^-1) p ^>o_ rpj^g^ ^Q_5^) ^^j^g ^.^^ ^W^ G'^°)'>°, gfl replaced by cj.'^^ 

Let {ui}, {df Arji} be C[t]-bases of G . , G . , and {7j(c)} a basis of horizontal 

(multivalued) sections of Hcec/ -^n-i(-^c7 Z) /torsion. Then the squares of the determinants 
of the period matrices 

det( / res-^^) , det( / r]i] forteU 

are holomorphic functions on t/, and are independent of the choice of the bases up to 
constant multiples. Here res^^^ denotes the Poincare residue. (See for example, [7,1.5]). 
For c G A := S" \ t/, let v^f^ be the dimension of the nonunipotent monodromy part of -E^, 
and put 

/(x)=c /(x)=c 

Then from (0.5) we can deduce (see (3.4)) : 
0.7. Corollary. 



detf / res-r^— I = const TT (t — c 
det I / '^i] — const 1 I (t 



-c)"^- 



This generalizes [16, 2.2] where n = 2 and / is a semiweighted homogeneous polynomial 
in the sense of loc. cit. (in particular, / is tame and z/ = 0). The corresponding assertion 
for the local analytic Brieskorn lattice is well-known. See [36]. 

Since the algebraic Brieskorn module is determined by the algebraic Gauss-Manin sys- 
tem Gf together with the map to the quotients of the local analytic Gauss-Manin systems, 
we consider the problem of determining the global structure of the Gauss-Manin system. 
We treat rather the perverse sheaf 

L[l]:=(i?-V*Cx)[l] 

corresponding to Qf by the Riemann-Hilbert correspondence, because it is easier to handle. 
In the case n = 2, we can describe it rather explicitly by using the relative version of 
Deligne's weight spectral sequence [11] (see [24], [25]). 

Let / : X — ^ 5" be a relative compactification of / such that X is smooth and L := 
R^ f*'^x\u is a local system (shrinking U if necessary). Let g be the genus of the generic 
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fiber of / such that rankL = 2g. Let j :U ^ X he the inclusion morphism. Then (j*L)[l] 
is the intersection complex IC5L (i.e. the intermediate direct image of L[l] in the sense 
of [3]). See also [37]. Let h be the number of horizontal irreducible components oi X\X, 
and Tie the number of irreducible components of Xc- Let W be the weight filtration on 
L[l] in the theory of mixed Hodge Modules [24] [25] (this can also be obtained by using a 
mod p reduction as in [3]). Then, using the weight spectral sequence, we can easily show 
the following : 

0.8. Proposition. With the above notation and assumption, Gr^ (-^[1]) = for k ^ 2,3, 
and 



GrYim) = (0(0 qe})) 0(J*^)[1], 



ceA 

Gr3^(^[l]) = (0C5[1]) 0(0(J*^:)[1] 

where the L[ are non constant irreducible local systems on U . 

(The proof is more or less standard, and is left to the reader. Indeed, the vanishing of 
Gr4 (i^[l]) follows from (1.3), and the multiplicity ric — 1 of C{c} is determined by using 
for example (1.2).) By the long exact sequence associated with the filtration W on L[l], 
we get a refinement of Kaliman's inequality [17]: 

0.9. Corollary. 

h-l = ^(ne-l) + dimif^(5^'^,JH<^). 

ceA 

Passing to the corresponding regular holonomic P-modules, we get submodules M', M" 
of Qf with a short exact sequence 

^ M' M" ^ ^/ ^ M ^ 0, 

such that M' = 0^( Vs/Vs{t - c)dt), M = @^M, with DRs(M,) = {j,L'^)[l]. As to 
M", we have a short exact sequence 

h" 
O^Ms(L)^M"^0Os^O, 

such that T)Rs{Ms{L)) = (i*L)[l], where h" = dimifi(>5^", j^L). So the description of ^/ 
is essentially reduced to the problem of extension. For example, if r = (i.e. f : Yj ^ S 
is bijective for any irreducible component Yj of X \X such that f{Yj) = S), then we have 
Qf = M' © M". Note that r = by [15] if n = 2 and / is cohomologically tame [23] (see 
also [2]). 

Note that (0.8) implies a nontrivial assertion on the local system L\u. In terms of the 
corresponding D-modules, let torQf be the maximal P^-submodule of Qf whose support is 
contained in A. Then we have 

(nc — 1 \ ^ric — l \ 

Vs/Vs{t - c)j C M', DRsUGf) = (^ C{.} j , 
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h' 
and M'/tor^/ (= 0C>s) is a direct factor of ^//tor^/, where h' = '^^{nc — 1). (This 

foUows from the seniisimphcity of Grg Qf.) It imphes a result of Bailly-Maitre [2] that the 
maximal constant subsheaf of L|[/ has rank h' (using [14]), and is a direct factor of L\u. 

In Sect. 1, we introduce the algebraic Gauss-Manin system, and study the action of 
t — c on it. In Sect. 2, we define a filtration on the algebraic Gauss-Manin system which 
gives the algebraic Brieskorn module, and prove (0.1-2) in a more general situation. Then 
Theorem (0.5) and its corollaries are proved in Sect. 3. 

Convention. In this paper, algebraic variety means a separated scheme of finite type over 
C For a variety X and a morphism /, we denote Cx^n by Cx, and /^^^ by / to simplify the 
notation, where X^"^ is the associated analytic space. Similarly, H'^{X,C) and Hl{X,C) 
denote respectively if*(X'^",C) and iif*(X^",C). A point of a variety means always a 
closed point, and x E X means x G X{C). 

We denote the nearby and vanishing cycle functors [10] by ifj, </?, and V'[~l]7 v[~l] by 
^-0, P^p, because these preserve perverse sheaves. 



1. Algebraic Gauss-Manin systems 

1.1. Let / : X — » 5" be a morphism of smooth algebraic varieties. Let n = dimX. We 
assume in this paper dimS" = 1, / is not constant and X,S are connected. The Gauss- 
Manin systems Q\ are defined to be the cohomology sheaves 7i*/C/ of the direct image 
/C/ := fj^{Ox) of Ox as algebraic left P-Modules. We have 

(1.1.1) DR5(^})=^i?^+"/*Cx, 

where PR'fXx = PWiKfXx) with pW : Dl{S, C) -^ Perv(^, C) the perverse cohomol- 
ogy functor in [3]. 

By assumption, we have a natural injective morphism Os -^ Q f~^ • We define the 
reduced Gauss-Manin systems Q\ by 

Coker(C5 -^ Q]"^) for z = 1 - n, 
Q\ otherwise. 

Let s E S with the natural inclusion is : {s} -^ S. We choose and fix a local coordinate 
ts around s such that {s} = {ts = 0}. For a complex of Og-Modules (or Ogan ^-modules) 
M, we define 

(1.1.2) i!,M = Cone(-t, :M, ^M,)[-l]. 
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1.2. Proposition. We have short exact sequences 

(1.2.1) ^ HH[g}-^ -^ H^~\x,, cy -^ H^i[g} -^ o, 

where H^~^{Xs,C) is as in the introduction, and * denotes the dual vector space. 

Proof. Let /+(Cx)~ = C{Os -^ f+{Ox)). Then Wf+{Ox)~ = Q}. and we have a spectral 
sequence 

i?^'^ = HHiGj ^ H^+Hif+iOxY, 

degenerating at E2 (because E'f'^ = for p 7^ 0, 1). So it is enough to show 

wi[f+{Oxr = Hr\Xsxr- 

Then, using the distinguished triangle -^ Os -^ f+{Ox) -^ f+{Ox)~ -^ together with 
igOs = C[— 1], we can reduce the assertion to 

H%f+{Ox) = Hr\x,,cr- 

Since the de Rham functor DR commutes with i^ and the direct images, we have 
if+iOx) = DR^s}{rsf+{Ox)) = i[Rf.DRs{Ox) = r,RMCx[n]), 

because DRj-g} = id and DRs{Ox) = Cx[n]. Since CxH is self dual (i.e., D(CxH) — 
CxIit]), the assertion follows from 

DziR/,(CxN) = z;/!D(CxN) = Rr,(X„C)[n], 

where D denotes the dual in the derived category of bounded complexes of C-Modules with 
constructible cohomologies. 

1.3. Proposition. Let X = A"', and S = A^ . Then Q\ has no nontrivial quotient with 
discrete support, and 

(1.3.1) PR'fXx = {R'-^f.<Cxm for any i. 

If furthermore f has at most isolated singularities including at infinity [31], then 

(1.3.2) ^/ = fori^ 0. 

Proof. We have a long exact sequence 

-^ H'+''-\X, C) -^ G) ^ G} -^ if^+"(X, C) ^, 

because Rr(X,C)[n] = C{dt : Rr(5,/C/) ^ Rr(5,/C/)). See [4]. This implies the 
surjectivity of the action of dt on G\, and the first assertion follows. 
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If / has at most isolated singularities including at infinity (or, more generally, if supp Eg 
in (3.1) has discrete support), then we see that Lpts^R^~^^f*Cx = for z 7^ 0, using 
the commutativity of the vanishing cycle functors with the direct image under a proper 
morphism (because the vanishing cycles form a perverse sheaf with discrete support). This 
implies that ^R'^'^'^f^Cx is constant for i ^ 0. Then it vanishes for i 7^ 1 — n, by the above 
exact sequence, and ^R^f^Cx — Cs[l]- So the assertion follows from the Riemann-Hilbert 
correspondence. 



2. Algebraic Brieskorn modules 

2.1. Let f : X ^> S and /C/ be as in (1.1). Let us ®Os ^f be the complex of right 
Pg-Modules corresponding to the direct image /C/ (= /_(_((9x))- Then by definition of the 
direct image of right "D-Modules, we have 

^s ®Os ^f = ^f*Cf, us ®Os Of = R'f^Cf, 
where Cf is the complex of right f~^V s-Modules such that 

and the differential is given by ''df{uj ® P) = du (^ P + {f*dt Aw)® dfP for uj G O^*^, P G 
f~^Vs, if t is a local coordinate of S and dt = d/dt. 

We define the filtration F' on Cf by FpCl = for p < —1 and 

(2.1.1) ( ^. "f 

F;C} = F'_,C} + o^/- ® r'F,+,Vs, 

where F on Vs is the filtration by the order of operators. (This filtration F' is different 
from the Hodge filtration F in [27], and is useful only in the isolated singularity case.) Let 

(2.1.2) cf=FL,Cf, Gf^=u'i®OsR'hCf\ 

where u'g denotes the dual line bundle of 0^5. 

If / is affine and dim Sing/ = 0, then we have a natural morphism Q } ^'^" ^^ Q\ l for 

X E SingXg, where Q\ ^ is the local analytic Brieskorn lattice of / at a; [7]. Here ujs,s is 
trivialized by using ts in (1.1). In this case, we define 

(2.1.3) £} , = I ''''^^^-"" ^ ®^es.n,x. Gt) if ^ = 0' 

y ^I'g" otherwise. 



See (1.1) for Q\. We define also 
(2.1.4) 



^1°) ifz = 0. 



otherwise. 
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2.2. Remarks, (i) If we choose a local coordinate t (by shrinking S), then us is trivialized 
by dt, and it is well-known that right "Dg-Modules are identified with left Pg-Modules by 
using the involution * of Vs defined by 

(Pg)* = g*P*, dt* = -du 9*=g ioxgeOs. 
So we get an isomorphism ICf = R/h<C/ in the derived category of left "D^-Modules, and 

with the differential ^df{uj®dl) = du}®dl — {f*dtAu) ®dl as is well-known. The action 
of f~^Vs on Cf is given by 

dliiv (^ di) = u (^ dl+' , g{uj^l) = {f*g)u^l for geOs- 

(ii) Let X' = X \ Sing/. Then, choosing a local coordinate t, we have an isomorphism 
of complexes 

(2.2.1) f*dtA:nx,/s[n-l]^ FpCflx' for p > -1. 

(iii) If / is affine, we have 

(2.2.2) R^^F;Cf = n\f.F;Cf). 

In particular, R^ f^F^Cf = f^VL\/{f*dt A df^^fl^'^) locally (choosing a local coordinate t), 
because 

diurdt A nY^)) = dirdt A /h.o^-2) = rdt a rf/.or' 

by MlmirdtA : O^' ^ ^x"')) = Ini(/*rftA : /.O^^ ^ /^o--i). 

2.3. Lemma. VFii/i t/ie notation of 2.1, assume X affine and dim Sing/ = 0. Then the 
natural morphism 

(2.3.1) R'f*F;Cf ^ us (^os G) 

is an isomorphism for p > —1, i j^ 0, and infective for i = 0. In particular, we have 

(2.3.2) R'fXf^ = g'f for any i. 

Proof. Choosing a local coordinate t, Gr^ Cf is locally isomorphic to T>_p(f^x W' f*dtA) 
for p > where tL. K for a complex [K, d) is defined by 



{Ty_pKy = Coker (i^ ^ if z = p, K' if z > p, and otherwise . 

/ is quasi-isomorp] 
from the long exact sequence 



f' 
Then Gr^ Cf is quasi-isomorphic to ^x/s for p > by hypothesis, and the assertion follows 



^ R'f.F;_,Cf ^ R'f.F;Cf ^ R'f.GrfCf ^ R^+'f,F;_,Cf 
because R^f^Fp_^Cf = for z > by the assumption on /. 
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2.4. Theorem. With the notation of (2.1), assume f affine and dim Sing/ — 0. Then 
we have short exact sequences 

(2.4.1) -^ H^i^),s -^ H'+''-\X„ C) -^ H^i'sCfl -^ 0. 

Proof. Let f : X ^ S he a, relative conipactification oi f : X ^ S with j : X ^ X the 
inclusion morphism such that X is smooth and D := X \X is a, divisor. We define C^ 

on X as in (2.1). Let C^ {*D) be the localization of C^ by a local defining equation of 

D. Then C^ {*D) = j*Cf , and we have a natural surjective morphism 



cf\*Dr^ ^(0), 



xeSing/ 

where Q\ ^ is viewed as a sheaf on X with support {x}. Indeed, by the theory of Gauss- 
Manin connection [7], we have 

( C{t,}lS)cCx^ ifz = l-n, 

[ otherwise. 

Let C'f = Cone{Cf\*Dr- ^ e.eSing/ ^|°1)[-1]- Then 

(2.4.2) C;.|Xr = C{t J ®c Cx. [n-1]. 

Since / is affine and tsGf l 3 9^" Gf ^ for A; ^ 0, Nakayama's lemma implies 

(2.4.3) gf}^"" ^ gfl is surjective . 

xeSingXs 

So we get 

C}^, = {R'fX'f)s forz^l-n. 

For i = 1 — n, we have a natural injective morphism Ogan ^ R^~^f^C'r, and 

£i-- = Coker(C5an ^ R^-^'f.C'f),. 

Let igCj = Cone(ts : C'r -^ C'r)\Xf^. Let js : Xs ^' Xg denote the inclusion morphism. 
Then it is enough to show 

(2.4.4) ilC'f = KCjs)*Cx[n-ll 

using a spectral sequence similar to that in the proof of (1.2). But 

ilC'flX^- ^ Cx[n - 1] 
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by (2.4.2), and the assertion is reduced to showing a natural quasi-isomorphism 

(2.4.5) ilCf^KiD^QsThCf. 



Since the assertion is restricted to a neighborhood of D, we may restrict to X' :- 

'f with Cf 

(0), 



X \ Sing/, and replace C'r with cf\*D)^''. Let X' = X \ Sing/, X'^ = X' f] X^ with the 



inclusion morphisms / : X' -^ X'J'^ : X'^ -> X'^. Then Cy\*D)\X' = jift'^^/s ^Y (2.2.1). 
So (2.4.5) is verified by applying the functor an to the distinguished triangle 

This completes the proof of (2.4). 

2.5. Corollary. With the notation of (2.1) and the assumption of (2.4), let 

N'; = dimKer(t, : G'/ ^G'}), K' = dimCoker(t, : Gf ^ G'j), 
for s E S, and let Hx denote the Milnor number of f at x E X . Then 
N';+^ + R': = dimi7^+--i(X„ C) + 5,,o Yl -"- 

Proof. This follows from (2.4) because the local analytic Brieskorn lattice Gf^isa free 
C{t}-module of rank n^ by [30]. 

2.6. Remark. Let s G A and s' E U such that s' is sufficiently near s. Then there does 
not exist a natural morphism 

i:H^-\X,X)^H^~\Xs'X) 
making the following diagram commutative : 

{R--^fXx)s — ^— H^-Hf-HDs)X) 



H'^-^^XsX) — '—^ H'^-^Xs'X) 

where the vertical morphisms are natural morphisms, and Dg is a sufficiently small open 
disk with center s such that s' G Dg \ {s}. Indeed, the right vertical morphism of the 
diagram is injective because {R^~^ fXx)^ is a perverse sheaf. But the left vertical 
morphism is not bijective if n = 2 and Ug ^ due to Th. 3 of [1] . There exist examples 
such that dim{R'^-^fXx)s = dimH'^-^{XsX) with n = 2 and z/^ ^ (e.g. / = x^^ + 
2x'^y + xy'^ and s — —1). 
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3. Vanishing cycles 

3.1. With the notation of (1.1), let / : X -^ 5" be a relative compactification of / with 
j : X ^ X the open immersion such that fj = f. (Here / is proper, but X may be 
singular.) For s E A := S \U, let 

where ip denotes the vanishing cycle functor [10], and Xs = /"^(s), etc. We define 

rp "tjO/ van c \ 7?' TtO/' van c \ 

for X G SingXg. These vector spaces have naturally the monodromy T associated with the 
functor Lp. Since supp Ssfin = SingX^, we have 

E,=Ei®E':, E':= E'^. 

f{x)=s 

Let Eg = Ker (Tss — X\Es) (similarly for E'J^, -E'"^), where Tss is the semisimple part of 
the monodromy T. Let 

(3.1.1) u^ = dimEi\ ^^ = dimE'J\ 

and Us = J2x ^^s^^^ 12s ^s (similarly for n). 

We define Ps{E,T) for s E S and for a finite dimensional C- vector space E with a 
quasi-unipotent automorphism T as follows. Let tg be as in (1.1), and we will write dt for 
dt^ to simphfy the notation. Let Ms{E, T) = E ®c C[9t, d^^] with action of dl {i G Z) and 
ts defined by 

ts{e®dl) = {l-j)e®dl~^ - {2ni)-^{logT)e d^^ . 

Then dlt — tgdl = idl~^ and tsdt+j on E®dl is — (27rz)~^ XogT^id. Here logT is chosen 
so that the eigenvalues of (27rz)~^ logT are contained in [0, 1). We define 

Ms{E,T)>'^ = E®c<C-[dt\ 

Ps{E,T) = Ms{E,T)/Ms{E,T)>^ 

They are C[ts]-modules with action of d^^. 

By a canonical splitting of the filtration V in the one variable case (see [26, 1.5]) together 
with the commutativity of the de Rham functor with the vanishing cycle functor [18], [20] 
(see also [25, 3.4.12]), we get canonical isomorphisms 

(3.1.2) Gf/Gf = 0P,(£;.,T), gf,x/g},l = Pfix){E:,T), 

because 

Eg = Pv?,^(Pi?-/,Cx) = P^t^DRsigjn. K = ^¥'t.DR5'(^/,x), 

where S' is an analytic open neighborhood of s, and Qf^x denotes also its coherent extension 
to S'. 
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3.2. Theorem. Let f : X ^> S he as in (1.1) and assume X, 5" affine and dim Sing/ = 0. 
Then, with the notation of (3.1), we have the commutative diagram of exact sequences in 
(0.5), where C[t], c,t — c are replaced respectively by V{S, Os), s and tg. Furthermore, this 
holds with G r , G\ j Gf l '^ep/acec? by G r , G ,■ j ^ f x ■ ^ there exists a nowhere 

vanishing vector field v on S, and the action of v is bijective on Gf, then the morphisms 
of the diagram are compatible with the action of v~^ . 

Proof. We prove the assertion for G ^ . The argument is similar for G n . 

The exactness of the middle and right columns follows from (3.1.2). The morphism be- 
tween the two columns is defined by taking the restriction to the local Milnor fibration at x. 
So the morphisms of the diagram are naturally defined except for the surjective morphism 
of the left column, but it is induced by the other morphisms using the commutativity and 
the exactness. 

By GAGA, we may replace Gf, G\ , G^'^ by Q^^, Q\ ", Q^ '^^ respectively, and then 
restrict to the stalk at s G 5", where Ps{Es,T), etc. are viewed as sheaves with support 
{s}. So it is enough to show the exactness of the middle row and the surjectivity of the 
second morphism in the upper row, because the bottom row splits, and is exact. 

We consider a morphism 

(3.2.1) g}%^ Gf,., 

xeSingXs 

which is surjective by (2.4.3). The source has the filtration F' defined in (2.1) such that 
(3.2.2) i^o^r. = ^/°i'"' Gr^'GJ^ = if*^x/s)s for p > 0. 



See (2.2.2). On Qf^j; (= H Cf'^^), F' induces the filtration F' satisfying a similar property 

n 

x/s 
induces an isomorphism 



where ^^", Qf^, {f^Q'^,g)s are replaced respectively by Qf,x, ^/^i, ^x/s,x- ^° (3.2.1 



G<6^/"^ Gr^'Sf^x forp>0, 

xeSingXs 

and hence QJ^^/Q[ j,'^^ -^ ©xesingx^ Gf,x/Gf x ^^ ^^ isomorphism. This shows the exact- 
ness of the middle row. 

Now it remains to show the surjectivity of 

xeSingXs 

But (3.2.1) is surjective, and the assertion follows from the property of the Deligne exten- 
sion (or the filtration V). See for example [24, 3.1.5]. 
The last assertion on the action on t;"^ is clear. 

3.3. Remark. Assume / is affine, and has at most isolated singularities including at infinity. 
Let G r be as in (2.1). As a corollary of the results of Sabbah [33], / is cohomologically 
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tame in his sense if and only if G r is coherent over Os- For the "if" part it is sufficient 

to show G r C G^^ ^ and this is easily verified by using the filtration of Kashiwara [18] 
and Malgrange [20]. See loc. cit. For the converse, it is sufficient, however, to note that, 
for a good filtration F of a (regular) holonomic "Dg-Module M, we have for each s E S 

(3.3.1) diniGr^Ms = dimP(/7t^DR5(M) for p > 0. 

Indeed, if (M, F) = {Qf, F'), we have dimGrp Mg = i^s for p ^ 0, and the above equality 
gives Vg = 0. For the proof of (3.3.1), note that dimGr M^ for p ^ coincides with 



the multiplicity, and is independent of the choice of the good filtration F. (In the regular 
holonomic case, we can take Fp = V"~^ {p > 0) for some ct G Q, where V denotes the 
filtration of Kashiwara [18] and Malgrange [20] in the one variable case.) 

3.4. Proof of Corollary (0.7). Let 5" be a smooth analytic curve, and A a discrete subset. 
Put U = S \A. Let L be a C-local system on U with quasi-unipotent local monodromies 
around any s G A, and C the meromorphic Deligne extension. That is, £ is a regular 
holonomic "D^-Module such that C\u = L ®c Ou and for any s G A, the action of local 
equation of {s} is bijective on Cg. Let C^^^ be a coherent O^-submodule of C such that 
C^'^^lu = C\u. We define ordsC^'^\ the order of C^'^^ at s G A, as follows. 

Let S' be a sufficiently small open disk around s with a coordinate t, and {uJi} an 
Cg'-basis of C\s'- Let L* be the dual local system of L, and {cj} a basis of horizontal 
(multivalued) sections of L*|5/\{s-}.. Then (cj, uJi) is a Nilson class function on 5" \ {s}, and 
the determinant has the asymptotic expansion 

det(ej, UJi) = Ct"' + higher terms 

for C G C* and a G Q, because det L has local monodromies with finite order. This a is 
independent of the choice of the bases, and we define ords-C*^'^-' = a. Then we get (0.7) 
from the following observations. 

(i) If L has a finite filtration G, then it induces the filtration G on £ and C^^\ and 

ord,£(°) = Y[ord,Grf C^^K 
j 

(ii) If £*-*^-' is the Deligne extension such that the eigenvalues of the residues are contained 
in {a, a + 1] (resp. [a, a + 1)), then 

r 

ord,£(°) =$^aj, 
j=i 

where r = rank L, and the ctj are rational numbers contained in (a, a + 1] (resp. [a, a + 1)) 
such that exp(— 27riaj) are the eigenvalues of the local monodromy of L around s (with 
multiplicity). 
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(iii) If C^'^' is a coherent extension of the local analytic Brieskorn lattice Q\ j, (resp. 



^}-'^), then 



ordsO^' = {n — 2)fij:/2 (resp. n/Jx/'^)- 



This is well-known after [36]. 

(iv) If C^^' is Qf j' '^" with the assumption of (3.2), then 

ord,£W - (-z/f + Yl (^-2K)/2. 

where uf^ = '^x^i ^s- This follows from the above observations together with the short 
exact sequence 

- Kernel -- ^l^i'^"'^"^ - ^|°1 - 0, 

xeSingXs 
7>0,an ^T>^ /-'>0^ 



where Kernel = Ker(^. ''^'^ -^ 0x6SingX ^fx) ^^ (3-2). (The argument is similar for 



Qr ^ '^" with (n — 2)|Ua; replaced by n/Ua 



(v) If L and Cj are defined over Z, then det(ej,c<;i)^ is a meromorphic function on S. 
If furthermore 5", £, Z^*^*^) and Wj are algebraic, and C is also regular at infinity, then 
det(ej, iVi)'^ is a rational function on 5". 

3.5. Proposition. With the notation and assumption of (3.2), let F^Gf = dfGr, 

FpGf,x = dfQr^, and let Vg denote the filtration by the eigenvalue of the action of dt^tg 
indexed by Q (i.e. dtjs — a is nilpotent on Gry ). See [9], [18], [20], etc. Then 

Gr^'Gr^ Gf= Gr^Gr^^^^,, 

xeSingXs 

forp > and < a < 1. In particular, G\ together with the filtration Vg gives the sums 
of the Hodge numbers of the local Milnor fibers. 

Proof. Let F' denote also the corresponding filtration on Qf, Q^^. Then we have a canonical 
isomorphism 

Grp Gxyfif = Gvp Gry^^^". 

by the exactness of the functors involved. We have furthermore 

xeSingXs 

because Gr^ Gf = 0^ Gr^ ^?" • So it is enough to show the bistrict surjectivity of 



r 



:{gf^,;F\Vg)^ (^/,.;F,K 



xeSingXs 
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where the filtration F' is restricted to the index p > — 1. Since the strict surjectivity is 
separately clear, the assertion is reduced to the compatibility of three submodules Kerrs, 
F^, V^ of gf^^ due to [24, 1.2.14]. But this is clear because Kerr^ C F^ for p > -1 by 
(3.2). The last assertion follows from [35] (see also [22], [27], [29], etc.) 

Remark. We can also show for a 7^ 

dim Gr^+^CJ."^ - dim Gr'^cf = ^ (dim Gr'^+^gf^l - dim Gr'^^gfl), 

xeSingXs 

because dimGr^"*" Cf^s = dimGr^_^£j-s for a 7^ with the notation of (0.4). This 
is closer to Varchenko's formulation [35]. However, it gives only the Hodge numbers 
dimGr^H'^~^{Xrc,C)x for p 7^ n — 1 or A 7^ 1 (because ct 7^ 0), where X^ denotes the local 
Milnor fiber at x G SingXg, and the index A means the dimension of the A-eigenspace by 
the monodromy. To get the Hodge number for p = n — 1 and A = 1, we have to use also 
G<-". 

3.6. Relation between the numerical invariants. Let X = A", and S = A^. Assume / 
has at most isolated singularities including at infinity [31] (or, more generally, the supp£^s 
are discrete.) Let /U^, i^s, A*? ^ be as in (3.1), and m = ra,nkL\u (= diniH^~^{Xs, C) for a 
general s). Then we can easily show that the vanishing of H'^{S^^, L) for any i implies 

(3.6.1) m = n + u, 

which was first obtained by [31], [33]. Here apparently different definitions of u are used, 
but they are all equivalent, because we can also show 

(3.6.2) x{Xs) - x{Xs') = {-irius + ^is) 

for s, s' E S such that s' ^ A, and the corresponding formula is proved in loc. cit. 

For s G 5", let p^ , p'^ be the number of Jordan blocks of T (i.e. the minimal number of 
generators over C[T]) on E'^^E'^ respectively. We define 



R's = dim Coker(ts 


: Gf - 


^Gf\ 


Rs- 


= dimCoker(ts : Gf -^ Gf) 


A^^ = dimKer(ts 


: Gf^ - 


^Gf\ 


Ns-- 


= dimKer(ts : Gf ^ Gf). 



Let Tg denote the local monodromy of the local system L\u{= -R" ^/*Cx|c/) around s G A. 
Let h'{Xs) = dimIF{Xs, C), hi{Xs) = dimHi{Xs, C). Then the relation between h'{Xs), 
hl{Xs), R'g, -Rs, Ni., Ns, I's, Ps, Px, p'} , Ps, Ts and m is summarized as follows. 

~K{Xs) =0 if z^n-l,n, 

Rs = K~\Xs) = dimCoker(T, - id), 

Ns = KiXs) < pI, 

Rs- Ns^m- Us- Us. 



h\. 


Xs)=Q if z^?i-2,n-l. 


R's 


= ~K'-\Xs)+ )J p.. 




xeSingXs 




K = h--\Xs)<p'}, 




R'g-N'g = m- Us, 
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In particular, we can calculate the dimension of the cohomology (with compact support) of 
any fiber using the action of t on G\ , Gf together with the Milnor numbers Hx- Most of 
the relations follow from (1.2-3), (2.4) and (3.6.1). The formula involving Coker(Ts — id) 
is closely related to Th. 1 of [1] , and the vanishing of the Betti numbers to [34] . See also 
[12], [13], [14], [31], [33], etc. 

In the case n = 2, we can show that the monodromy T on El := Pipt^,iL[l] is semisimple 
so that pI = fxl + u], p'} = z/], where ^^ts,i is the unipotent monodromy part of ^(fits- 

3.7. Remark. In the case X = A"^, S = A^, we can calculate the Gauss-Manin system and 
the Brieskorn-Deligne lattice in the following way provided that the polynomial / is not 
very complicated : 

(i) Calculate df A dQ""-^ to get a basis of cf^ = Vf^/df A dO"-^ over C. 

(ii) Calculate the action of t on the basis to get generators of G\ over C[t]. 

(iii) Calculate d^^ (using d^^{uj) = df A uj' for duj' = uj) to get the differential equations 

and determine Or 

Here O^ = r{X, O^) as in the introduction. The argument is similar to [7] except that our 

case is algebraic and global. For example, we use d^ rather than dt, and (nc('^ ~ c)'^'')dt 

is used at the last stage only for a direct factor or a subquotient of Gf. 

3.8. Examples, (i) f = y'^ + x^ — 3x. This is the simplest example such that L 7^ in 
the notation of (0.8). We have /i = (7=l, m = 2, r = z/ = 0, |U = 2, p]_2 = 1? -^±2 = 
2, R±2 = 1, N^2 = -^±2 = 0, and get the Gauss hypergeometric differential equation. The 
calculation seems much easier than the conventional one using the discriminant and the 
integration by parts as explained in the introduction of [21]. The indicial equation [8] is 
compatible with G ^ = G^^ . 

(ii) / = x^y'^ + 2x^y + xy"^ . This is an example such that h" (= A\mH^{S^^,j^L)) 7^ 0. 
We have m = 7 , g = 1, h = h, r = 1, h' = h" = 2, p = po = A, f = u-i = 3, (where z/ 
can be calculated as in [15] combined with [19]), and R'q = 7, Rq = 5, A^q = 0, A^q = 2, 
R'_i = R-i = 4, N'_i = N_i = 0. 

(iii) / = x'^y'^ + 2xy + x. This is an example such that z/ 7^ and f]^ dt^G f = 0. 
We have h = m = 2, h' — r = 1, g = Q, p = p\ = 1, u = vZl = 1, and Qf — 
Vs/Vstdt{{t + l)dt + 1/2). In this case Gf^ -> Gf/torGf is bijective. 

Note that the condition ^u > does not necessarily imply that flieN '^t^G f = (e.g. 
/ = x'^y'^ + x'^ + 2x or f = x^y^ + x'^y'^ + 2xy). This property holds for the local analytic 
Brieskorn lattice, and hence it is true if we take a completion of O by some topology 
associated with x G Sing/. But it is not true without taking it. 
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